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Affine Yangian action on the Fock space 

Ryosuke Kodera 


Abstract 

The localized equivariant homology of the quiver variety of type can be 

identified with the level one Fock space by assigning a normalized torus fixed point 
basis to certain symmetric functions, Jack(g(^) symmetric functions introduced by 
Uglov. We show that this correspondence is compatible with actions of two algebras, 
the Yangian for sIat and the affine Lie algebra sIat, on both sides. Consequently we 
obtain affine Yangian action on the Fock space. 


1 Introduction 

Yangian associated with an arbitrary semisimple Lie algebra was introduced by Drinfeld 
m as a one-parameter deformation of the universal enveloping algebra of the current 
Lie algebra. Later Drinfeld |D3j gave a new presentation for Yangians which is suitable to 
develop highest weight theory for their representations. 

Drinfeld’s new presentation is applicable to the data of the Cartan matrix of any 
symmetrizable Kac-Moody Lie algebra. We then obtain Yangians associated with Cartan 
matrices of affine type as particular cases. We call them affine Yangians. By this definition 
affine Yangian may be regarded as a degeneration of quantum toroidal algebra. In the case 
of affine type A, associated Yangian involves two parameters and the defining relations 
were first given by Guay |G1] . 

Such a generalization of Yangian seems to be natural from the theory of quiver vari¬ 
eties. Varagnolo constructed an action of the Yangian for a symmetric Kac-Moody Lie 
algebra on the sum of the equivariant homology groups of quiver varieties. An original 
motivation of Nakajima [Nakll INak2] to introduce quiver varieties comes from his study 
of moduli spaces of instantons on ALE spaces with Kronheimer [KN] . In the original sit¬ 
uation, the corresponding quivers are of affine type, therefore quantum toroidal algebras 
and affine Yangians have particular importance from this viewpoint. The appearance of 
two parameters in the affine type A case can be explained as the quiver variety of affine 
type A admits an action of the two-dimensional torus. 

Study of the representation theory of affine Yangians has not been done sufficiently. 
Guay |Glj established a Schur-Weyl type duality between the affine Yangian and the 
trigonometric double affine Hecke algebra. An action of the affine Yangian on the equivari¬ 
ant cohomology of the affine Laumon space was constructed by Feigin-Finkelberg-Negut- 
Rybnikov [FFNB,| . 
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Our aim is to study the action constructed by Varagnolo more explicitly. The localized 
equivariant homology of the quiver variety of type has a basis consisting of the classes 

of the torus fixed points parametrized by partitions. We can derive an explicit formula for 
the action of the affine Yangian on the fixed point basis (Proposition lS.SI and Theorem 15.7p . 
Our main result relates this affine Yangian module to the level one Fock space. 

We turn to explain Yangian action on the Fock space due to Uglov [U2] . Takemura- 
Uglov [TTTT] used a result of Nazarov-Tarasov |NTj to study Yangian symmetry of the spin 
Calogero-Sutherland model. They described the decomposition of the space Fn of states 
of the spin N Calogero-Sutherland model with n particles as a module over the Yangian 
for Modules appearing in the decomposition belong to a class studied in [NTj and 
in particular they have remarkable bases, called Gelfand-Zetlin bases. The level one Fock 
space is realized as a certain limit n —>■ oo of and Uglov |U2j constructed an action 
of the Yangian for gljy on the Fock space. The limit of the Gelfand-Zetlin bases form 
an orthogonal basis of the Fock space, which Uglov called Jack(g[^) symmetric functions 
since these functions reduce to the Jack symmetric functions when N = \. We give an 
explicit formula for the actions of the Drinfeld generators of the Yangian for sIat on the 
basis of Jack(g[^) symmetric functions in Theorem 13.41 

We can ask whether the actions of the Yangian for sl^v and the affine Lie algebra 
sIat on the Fock space can be glued and extended to an action of the affine Yangian of 
type In fact, this has been settled for the nondegenerate case, that is, for the 

quantum toroidal algebra by Varagnolo-Vasserot |VVlj and Saito-Takemura-Uglov |STUj . 
both based on a work of Takemura-Uglov |TU2j . Hence the quantum toroidal algebra has 
been known to act on the level one g-Fock space. Moreover Nagao |Nagl| proved that this 
module is isomorphic to the equivariant iL-group of the quiver variety, where an action of 
the quantum toroidal algebra on the latter is due to Varagnolo-Vasserot |VV2] . 

In this paper, we give an affirmative answer for the affine Yangian case by a different 
approach. Since we know that the affine Yangian acts on the localized equivariant homol¬ 
ogy of the quiver variety, the Yangian for sItv and the affine Lie algebra slw act on the same 
space. Hence it is enough to construct an isomorphism between the localized equivariant 
homology and the Fock space which is compatible with the actions of two algebras. A 
candidate is found by norm formulas for the bases on both sides. The norm of Jack(g[Ar) 
symmetric function has been known and it turns out to be exactly the same as that of 
the normalized basis element corresponding to the torus fixed point of the quiver variety 
of type Our main result is Theorem 15.81 where we show that the assignment of 

the normalized fixed point basis to the Jack(g[^) symmetric functions satisfies the desired 
properties. 


Theorem 1.1 lTheorem l5.8p . The assignment 

/ 

bx= (- 1 )^^ n 


sG A 

\hx(s)=0 mod N 


£iih{s) + 1 ) - e2ax{s) 


[A] I—)• P\ 




of the normalized torus fixed point basis to the Jack{Q{j^) symmetrie functions gives 
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• a C{ei, e 2 )-linear isometry, 

• an isomorphism of modules over the Yangian Y/i(s[ 7 v), 

• an isomorphism of modules over the affine Lie algebra sIat 

between the localized equivariant homology H = 0^( 8 )c[e^,e 2 ] *^(^ 1 )^ 2 ) of the 
quiver variety of type and the Fock space F. 

Corollary 1.2 (Corollary 15. 9p . The actions of the Yangian Yii^sIn) and the affine Lie 
algebra 5lj\f on the Fock space F can be uniquely extended to an action of the affine Yangian 

The main result of this paper can be regarded as a degenerate analog of that of Nagao 
|Nagl| as explained. The idea of comparing distinguished bases on both sides follows the 
paper |Nagl| , while an approach for actual calculation of the action on the basis of the 
Fock space is different. We do not know whether our result can be derived directly from 
the quantum toroidal case by a certain degenerate procedure. 

We note that a relation between the basis corresponding to the torus fixed points of the 
quiver variety of type and Uglov’s Jack( 0 (^) symmetric functions has been already 

mentioned by Belavin-Bershtein-Tarnopolsky [BBT] . 

This paper is organized as follows. In Section [2l we review the Yangians associated 
with gljY and sIat, and recall Uglov’s construction of an action of the Yangian for on the 
level one Fock space. We also introduce Jack( 0 [^) symmetric functions, a distinguished 
basis of the Fock space. In Section [21 we give an explicit formula for the actions of the 
Drinfeld generators of the Yangian for sljsf on the Jack( 0 [jY) symmetric functions using 
the theory of Gelfand-Zetlin basis developed by Nazarov-Tarasov. In Sectional we recall 
basic facts on the quiver variety of affine type A, including a description of the torus 
fixed points and the corresponding basis for the localized equivariant homology. Then we 
make an observation that they can be identified with the basis of the Jack( 0 [Ar) symmetric 
functions for the Fock space after a normalization. The affine Yangian and its action 
on the localized equivariant homology are recalled in Section [5l We calculate the action 
explicitly in terms of the fixed point basis. An argument on a normalization of signs in 
the formula is given. Then comparing the actions of the Yangian for sIat and the affine 
Lie algebra 5 (at on the Fock space and on the localized equivariant homology, we conclude 
that the identification of them is compatible with those actions. Consequently, we obtain 
affine Yangian action on the Fock space. 
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2 Uglov’s construction of Yangian action 

2.1 Yangian for gU stAr 

We introduce the Yangians associated with and sItv, and then recall a relation between 
them. A standard reference is Molev’s book [Mo]. We work over the field C(ei,e 2 ) of 
rational functions in two parameters throughout the paper. 

Definition 2.1. Let h € C(ei,e 2 ) be a parameter. The Yangian is the algebra 

over C(ei,e 2 ) generated by (1 < *, j < Y,r G Z>i) subject to the relations: 

min{r,s} 

trp{r) rp(s)i _ r 7 -.(?-+s-l) e .p{r+s-l) ^ , (a-l)„(r+s-a) (r+s-a)^(a-l)^ 

i^ij \ - -Oiiikj y^kj -^kj )■ 

a=2 

Remark 2.2. The notation T^-p used by Nazarov-Tarasov [NT] and Uglov |U2| corre- 

(r) ^ 

sponds to our T^- ^. 

Consider formal series 

Tij{u) = 6,j + nY,Tlpu-'' 

r>l 

in Y;i(g[Ar)[[tt“^]]. Then the above relation is equivalent to 

{u - v)[Tij{u),Tki{v)] = h{Tkj{u)Tii{v) - Tkj{v)Tii{u)). 

A coproduct on is given by 

N 

A{Tij{u)) = ^Tik{u) ®Tkj{u). 

k=l 

We regard [/(glAr) as a subalgebra of Yfi{Qlj^) via 

There exists the algebra homomorphism eva for each a G C ( 61 , 62 ) defined by 

eva: y/i(g[Ar) —>■ U (glAr) ® C(6i,62) 

Let tz 7 i,... ,wn be the fundamental weights of gl^r and V{'cui) the corresponding simple 
module. We define the fundamental module V{wi)a of Yfi{Qi]^) as the pullback of V{wi) 
by eVa- Let 

f{u) = 1 + h'P2frU~'' G C( 6 i, 62 )[[u“^]] 

r>l 

be a formal power series in u~^. The map 

ojf. Tij{u) 1 -^ f{u)Tij{u) 

defines an algebra automorphism of Yfi{Qlj^). Thus we can consider the pullback for 
any Y;i(g[Ar)-module V. 
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Definition 2.3. Let h G C(ei,e 2 ) be a parameter. The Yangian y)i(slAr) is the algebra 
over €( 61 , 62 ) generated by (1 < i < N — l,r £ Z>o) subject to the relations; 

[Hi^r,Hj^s] = 0 , 


[F,o,Y±] = ±a,,X±, 


where 


|V.*+1. = ±-fia.,(X* V*, + V* X* ), 

E KE,.,. [Y„b,. ■ ■ ■. KE,,-...,. I... 11 = 0 (i # i), 




— \ 


2 if i = j, 

-1 if i = j ± 1 , 
0 otherwise. 


The subalgebra of Y/i^sIn) generated by (1 < i < Y — 1) is isomorphic to 

17(sl7v)- The generators Hi^ coincide with the standard Chevalley generators Xf, Hi 
of sItv- 

For sequences {ii, ... ,im) and (ji,..., jm) in {1,..., Y}, define the quantum minor 

we6m 


It is known that 






,)W 


E - Hm - 1))... (u). 

W£&m 


We define formal series Ai{u), Bi{u) and Ci{u) by 


Ai{u) = 

Biiu) l,i+l) (’^)) 

Ci(u) l,i+l),(l,...,i) (it)- 

The Gelfand-Zetlin subalgebra ^;i(g[jv) of the Yangian Y;i(gl^) is defined to be generated 
by all coefficients of Ai{u) for all i. It is known that A/i(gl 7 v) is commutative. 
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We introduce elements of Y/i( 0 ljv) by the following equations (see |Mol Re¬ 

mark 3.1.8] ): 


^ = Ci{u + ^h{i - l))Ai{u + ^h{i - 1)) 


-1 


r>0 


^ = Ai{u + ^h{i - 1)) ^Bi{u + ]-h{i - 1)), 


r>0 


1 -|- Hi^, 


u 


r>0 


Ai+i{u ]-h{i + l))Ai_i{u + ]-h{i - 1 )) 

—r—1 _Z_Z_ 

Ai{u + ^h{i + l))Ai{u + ^h{i - 1 )) 


Theorem 2.4 (Drinfeld [D3] . see also |Mo] ) . The elements X^^,Hi^r satisfy the defining 
relations of the Yangian Yfi{5l]sf)- The subalgebra ofYfi{Qlj^) generated by Xf^,Hi^r (1 < 
i < N — 1, r £ Z>o) is isomorphic to y;i(slAr). 

In the sequel, the parameter is taken to be ^ = ei -|- £2 or h! = —h = — (ei -|- 62). We 
easily see that Yfi^siN) and YfifislN) are isomorphic via 

Hf r ^ ^ V' 

Hereafter we always use the symbols Xf^,Hi^r for the elements of Yii^sIn), but Tj-p and 
all related formal series for ^^'(sItv)- Then the composite of 

T/i(s[7v) ^ YfifisiN) ^ YfifiQljyf) 

is given by 

= Mu - ^Hi - l)MBi{u - ]-h{i - 1 )), 


r>0 


-^'^^i,rU ^ = Ci{u - ^n{i - l))Ai{u - ^h{i - 1)) \ 


r>0 


i + hY,M 




r>0 


Ai+i{u - l-h{i + l))Ai_i{u - l-h{i - 1 )) 

—r—l _ _Z_Z_ 

Mu - + l))Xj(M - ^h{i - 1)) 


( 2 . 1 ) 

( 2 . 2 ) 

(2.3) 


We set 




-u 


—r—l 


r>0 


The inclusion Yfi{5lN) ^ T'/iKb^A'') is compatible with the standard inclusion sIat ^ 
that is, the diagram 

YnislN) c-- YnfiQl^) 


sIat 


sIat 
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commutes. By the construction of the generators, the automorphism Uf acts identically 
on YnislN). 

2.2 Preliminaries on partitions 

Let V be the set of partitions. Each element of P is a nonincreasing sequence A = (Ai > 
A 2 > • • •) where Xa G Z>o and Aa = 0 for all but finitely many a. The maximum a such 
that Aa 7 ^ 0 is called the length of A and denoted by 1{X). We denote by *A the transpose 
of A. The dominance order on V is denoted by >. 

We identify a partition A = (Aa) G V with the subset 

{(x, y) I X = 0,... ,1{X) - 1, y = 0,..., Aa,+i - 1} 

of (Z>o)^. Although a partition A is usually identified with the Young diagram {(x,y) | 
X = l,...,^(A),y = l,...,Aa;}, we use the above identification in this paper. This is 
suitable to write down various formulas arising from quiver variety. Each (x, y) G (Z>o)^ 
is called a cell. For a cell s = (x,y) G A, we define the arm length ax, the leg length lx, 
and the hook length hx by 


aA('S) = Aa;+i - (y + 1), 
lx{s) = ^Xy+l — (x + 1), 
hxis) = axis) + Ixis) + 1 

For a fixed N, the residue of a cell (x, y) G (Z>o)^ is 

y — X mod N. 


An i-cell is a cell whose residue is i. 

For a partition A G P, we say that a cell (x, y) G (Z>o)^ is removable if (x, y) G A and 
(x + l,y), (x,y + 1) ^ A. We say that a cell (x,y) G (Z>o)^ is addable if either (x,y) ^ A 
and (x — 1, y), (x, y — 1) G A, or (x, y) = (0, Ai), (/(A), 0). The sets of removable f-cells and 
addable f-cells for A are denoted by Rx^i and Ax^i- For (x,y) G Rx,i dehne 

= {ix',y') G Rx,i I x' < x), 

and similarly for (x, y) G Ax^i define 

^\,i,{x,y) = {ix',y') G Ax,i I x' < x}, 

^h,ix,y) = ^ I ^ < ^'}- 

Given a nondecreasing sequence of integers m = (mi < m 2 < ■ ■ ■) > can write it as 
m = ((j’l)^^) (^ 2 )^^) • • •) with Ta < Ta+i- Define the sequence m® as = (1^2'^ ...). We 
denote by M the set of nondecreasing sequence of integers satisfying 

* Pa Y XI for all a. 
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• nia = for all but finitely many a. 

This set is introduced in |U2l Section 10, Definition 5] and is denoted by W there. For 
each element m € M, we take the smallest I such that 

m = {{ri)P\{r2f\ (n+i)^,...) 

and nia = for a > pi + ■■■+ pi. It is clear that pi + ■ ■ ■ + pi is a multiple of N. For 
A € P, define j{X)a € {1,... ,N} and m{X)a G Z so that 

Aa - a + 1 = j{X)a - Nm{X)a. 

Then the sequence (m(A)a) is an element of M. Note that j{X)a > j{X)a+i if Tn{X)a = 
m{X)a+i. 

We have a bijection between the sets and 


1 < a < /(A), j{X)a 


i + 1, and either 


• m{X)a < m{X)a+i; or 

• m{X)a = m{X)a+i and j{X)a+i < i 


(2.4) 

via {x,y) = (o — 1, Aq — 1). Indeed any removable cell is of the form (a — 1, Aq — 1) for 
some a such that Aq > Aa+i. The condition Aq > Aq+i is equivalent to that 


UWa - 1) - j{X)a+l > N{m{X)a “ m(A)a+l). 

Since the residue of (a — l,Aa — 1) is i if and only if j{X)a = f + 1, we see the above 
correspondence is one-to-one. Similarly we have a bijection between the sets Ax^i and 


a 


1 < a < /(A) -|- 1, j{X)a 


i, and either 


• m(A)a_i < m(A)a; or 

• m(A)a_i = m(A)a and j{X)a-i > i + l 


(2.5) 

via (x, y) = {a — 1, Aq). Indeed any addable cell is of the form (a — 1, Aa) for some a such 
that Aa-i > Aa. The condition Aa-i > Aa is equivalent to that 


j(A)a-i - (i(A)a + 1) > N{m{X)a-l “ m(A)a). 

Since the residue of (a — 1, Aa) is i if and only if j{X)a = i, we see the above correspondence 
is one-to-one. We note that 

y — X = i — Nm{X)a (2.6) 

holds in both cases. 

We have a decomposition V = UmeiW where Vm is the subset of V which consists 
of partitions satisfying (m(A)a) = m. 


2.3 Yangian action on the Fock space 

Let F be the space of symmetric functions in variables xi,X 2 , ■ ■ ■ over the field C{si,S 2 )- 
It has a basis {saIasT’ consisting of the Schur symmetric functions and admits the action 
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of the affine Lie algebra sIat defined by 



(2.7) 


^i 'SA ^ ^ 'SAUs! 

(2.8) 

seAA,i 

DiS\ — i^Fx,i)s\, 

(2.9) 


where X^,Hi (i G 'L/N'L) are the standard Chevalley generators of sIat. We call F = 
0Ae-pC(£i,e 2 )'SA the level one Fock space. 

We recall a construction of an action of the Yangian 1^/(01^) on the Fock space F due 
to Uglov |U2j . Fix n € Z>i. We define the Dunkl-Cherednik operators Fi (1 < i < n) 
acting on C(ei,£ 2 )[zf\ ... by 


A 

'dzi 


Di = tzi- -h c 


E 

J<i- 


Zi 


Zi - Z. 






y - — 


-(1 - Kij) Fn-i- 


i<] 


with parameters t,c G C(ei,e 2 )- Here Kij denotes the permutation of zi and Zj. This is 
shifted by the constant c((l/2)n — 1) from the usual Dunkl-Cherednik operator (see m 
Part I, Dehnition 2.4]) 



(1-^0+E 


i<j 


Zi - Zi 


(1 — Kij) + —(n — 2i -|- 1) 


where in m is taken to be the set of standard negative roots {e^ — | i > j} of glAr. 

Uglov |U2l (4.6)] used 


d 






Zi - Zi 


-il-Kji) + 




< ^ y- — 


(1 - Kij) + n-i 


i<j 


Hence we identify the parameters by (3 = c/t. 

We have the relations 

Kij-\-\Di DiJ^\Kii^\ — c 

for i = l,...,n — 1. Thus we can define a right action of the degenerate affine Hecke 
algebra, generated by Sj (1 < i < n — 1), Uj (1 < j < n) subject to the relations 

Si — 1, SiSj — SjSi {i ^ j,j i 1), 


UiUj — 

on C{£i,e 2 )[zt^,---,z^^] by 


SiUj = UjSi {i / j,j ± 1), 


SiXli — c, 


Si I y Ki^ij^i^ 

Ui i-> -Di. 
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Set c = h! = —h to apply Drinfeld’s result. Let V be the iV-dimensional vector represen¬ 
tation of gl^v with a standard basis vi,... ,V]\f. By the Drinfeld correspondence |D2j (see 
also ), we obtain a one-parameter family of actions of on 



which depend on t. 


We denote the tensor product V ( 8 )C(ei,e 2 )[ 2 ^^] by and its element Vj 0 by 

VjZ^. We have an obvious identihcation 


n 




mi _ _ _ m„ 
'^n 


‘Si {Vj^ S-- - S Vj„) A • • • A Vj^Z' 


The latter wedge space has a basis A • • • A \ ji — Nmi > j 2 — Nm 2 > • • • > 

jn — Nuin}. It is isomorphic to the space of symmetric Laurent polynomials: 


n 



Vj^z^^ A • • • A ^ sx 


( 2 . 10 ) 


by assigning the basis element A • • • A with ji — Nrrii > j 2 — Nm 2 > ■ ■ ■ > 

jn — Nrun to the Schur symmetric Laurent polynomial sx associated with A = (Ai > • • • > 
An) G which is given by 

\a-a + l= ja- NrUa. 

See |U2[ (8.7) and (8.9)]. Then we can take the subspace of Fn which is isomorphic to 
the space of symmetric polynomials [U21 (8.41), (8.42)]. This F^ has two gradings, which 
are called principal and homogeneous. We denote by Fn^'^'^ the principal grading and by 
Fn^^^ the homogeneous grading. The principal grading corresponds to the obvious one 
on the symmetric polynomials. Hence the Fock space F is realized by taking the inverse 
limit of degreewise, that is, 



d>0 


To define a Yangian action, we consider the homogeneous grading. For each d > 0 and 
n = rN, the Yangian action on FrN preserves the subspace F^^'^K Moreover {F^^'^'^)r 
forms a inverse system. Take an element v = {vr)r of the inverse limit 


lim 


r 


and dehne an action of Tij {u) by 


Tij{u)v = {f{u]r)Tij{u)Vr)r, 


( 2 . 11 ) 
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where 


f{u-,r) = f] 


S=1 


u + {t + h'N)s — h! 
u + {t + h'N)s 


as in |U2l (10.7)]. It is nontrivial and is proved by Uglov that this is compatible with the 
inverse system and extends to a well-defined action of on the inverse limit. See 

|U2l Section 10] for details. Finally the two gradings are compatible and the Fock space 
is also realized as 


F = ffilimF' 


0,{d) 


d>0 r 


rN 


Thus we have a one-parameter family of Yangian actions on F which depend on t. We set 
t = Ne 2 from now on. 

Let us describe the action of on Fn obtained by restricting the Yangian action. By 
|U21 (10.5)], the element Eij of gljv acts on Fn = f\"‘ U[z^^] by 


= A • • • A Eijivj^z^'^) A ■ ■ ■ A Vj^z^". 


a=l 


Note that Uglov’s T-p in |U2[ (10.5)] corresponds to our Tjp. Considering the identifica¬ 
tion given by (I2.10j) . the above formula implies that the action of sIat on F obtained by 
restricting the Yangian action coincides with the standard action given by ()2.7p - ()2.9p for 
i = 1,..., N — 1. 


Remark 2.5. The Yangian module F„ can be regarded as the space of states of the spin 
Calogero-Sutherland model with n particles. See mu, [nn, m- 


2.4 Jack(g[^) symmetric functions 

For a given m G M, we take the smallest I such that 

m=((rl)^’^(r2)^’^...,(^)^^(^+l)^,...) 


and nia = for a > p; as in Subsection 12.21 Let r be the integer such that 

Pi + • • • + Pi = rN. For s = 1,... ,1, put 


as = trs + h'{pi H- \-Ps- p 

as in [U21 Proposition 10.5] with shift — (1/2)F because of our choice of the constant part 
of the Dunkl-Cherednik operator. By |U2l Proposition 10.5], the Fock space F decomposes 
as 

0 F„ 

m£M 

and each Fm is isomorphic to 


i^Pl )ai <8) • • • 0 U {Wp^)ai ) 
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as a y/i/(g[ 7 v)-module. The twist by the automorphism i^f(u-,r) is caused by the definition of 
the action of Tij{u) in (12.lip . See |U2[ Proposition 7.7] for a decomposition of the Yangian 
module 

These modules appearing in the decomposition of F belong to a class of simple Yfj (glAr)- 
modules studied by Nazarov-Tarasov [NT] . In particular, all simultaneous eigenspaces of 
the Gelfand-Zetlin subalgebra are one-dimensional. 

Uglov introduced a unique basis {P\}\^-p of F satisfying the following conditions: 

(Ul) {TaIag’Piii forms a basis of each F^, 

(U2) Pa G SA + 

(U3) each Px is a simultaneous eigenvector of 

Let Pr be the r-th power sum symmetric function and dehne p\ by 

Px = PX 1 PX 2 ■ ■ ■ 

for each A € P. Then {px}x€‘P forms a basis of F. Uglov dehned a symmetric bilinear 
form ( , ) on P by 

{Px,Pt^)F = htiZx{-e2/eiy^^^\ 

where za = for A = (l”^i 2™2 ...) and InW = #{a | Aa / 0, Aq = 0 mod N}. 

i 

Remark 2.6. Let us explain how to identify the parameters in |U2] with ours. Uglov’s 
bilinear form |U2[ 9.4] is defined as 

{px,PfM)F = 

where 7 = N -|- 1 is a parameter. The parameter /3 can be identified with our c/t. 
Therefore we set t = Ne 2 and obtain 


7 = A^/3 + 1 

= —hj £2 T1 

= -ei/e 2 - 


Let us explain the relation between the symmetric function Px and the Macdonald 
symmetric function following |U2l 9.4]. The bilinear form ( , )j 7 ’ is a certain limit of the 
Macdonald scalar product ( , )q^t dehned by 


/(A) 

{PX,Pt^)q,t = Sx,,Zx 

a=l 


1 — 5"^“ 
i-pp 


To obtain ( , )p, we formally take the limit p —1 after putting q = puj^, t = p'^ojn where 
ojn denotes a primitive A^-th root of unity and 7 = —ei/e 2 as above. 
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Proposition 2.7. We have 



In particular, elements of the Gelfand-Zetlin subalgebra are self-adjoint with re¬ 

spect to the bilinear form { , )f and we have 

{X^^v,w)f = {v,Xr^w)F- 

Proof. It is shown in [TUll Proposition 9] that a certain scalar product ( , (see [TUll 
2.1] or |U2[ 2.1] for the definition) defined on has a property 

(jipV,w)F,^ = {v,Tj^'>w)F,^. 

By |U2[ Proposition 8.1 and Subsection 8.4], this ( , )f„ is identified with the limit, same 
as mentioned before this proposition, of another scalar product which is denoted by ( , 
in Macdonald’s book [Mai Section 9]. Since the Macdonald scalar product on F is the 
limit n ^ oo of ( , )(^/(l, 1))^ [Mai (9.9)], our bilinear form ( , )f is the limit n —)■ oo of 
( , )f„/{^, 1)f„- This implies the desired property of ( , )f- □ 

Since {Pa} are simultaneous eigenvectors of A/iYqIn) with one-dimensional eigenspaces 
and Afii{Ql^) are self-adjoint with respect to ( , )f, we have the orthogonality of {Pa}: 

(U4) (PA,P^)F = 0if 

The conditions (U2) and (U4) uniquely characterize the basis {Pxjx^p. Note that this 
characterization coincides with the one for Jack symmetric functions when iV = 1. By 
this reason, Uglov calls Pa the Jack( 0 [^) symmetric function. A polynomial version of Pa 
was first defined in m- Specializing the parameter h = £i 82 to 0, the bilinear form 
{ , )f becomes the usual bilinear form on P which the Schur symmetric functions are 
orthonormal with respect to. Hence the Jack( 0 [^) symmetric function Pa specializes to 
the Schur symmetric function sx Sit h = 0. 

The orthogonality condition (U4) can be deduced also from the fact that Pa is obtained 
from the Macdonald symmetric function Px{q,t) by taking the limit 


Pa = lim Px{pujn,p'^u]n)- 

p —>-1 


In particular. Pa can be defined without Yangian action. We obtain a norm formula for 
Jack(g[^) symmetric functions 


(Px,Px}f 


n 

sG A 

hx{s)=0 mod N 


Silxjs) - S 2 {ax{s) -F 1) 

ei(d(s) + 1) - £2ax{s) 


( 2 . 12 ) 


by this description [1121 (9.46)]. 

The eigenvalue of the action of Ai(u) on Pa has been calculated in |U2| . Recall that 
for each A G P, we associate j{X)a € {Ij ■ ■ ■ > -A^} and m{\)a G Z so that 


Xa-a + l= j{X)a - Nm{X)a 
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The sequence (m(A)a) G M gives rise to the numberspi, ■ ■ ■ ,pi such that pi + - ■ ■+Pi = rN 
for some r. Then we have 

+ tm{\)a + h'{a - ^ + S{j{X)a < i)) 

Ai{u)Px = gi{u)Y\_ - - -3- P\ (2.13) 

a=i u + tm{X)a + h'{a--) 

by |U2[ Proposition 10.3]. Here 

9 i{u) = f{u;r)f{u f{u - - l);r). 

The above formula is shifted by —{l/2)h' from |U2] because of the choice of the Dunkl- 
Cherednik operator. We will derive an explicit formula for the actions of the generators 
Hi^r on the basis Px in the next section. 

We end this subsection with some formulas. 

Lemma 2.8. Let {x,y) € Rx,i and p = X\{x,y). Then we have 


n ^ih{s) - e2{axis) + 1) 

sGA 

hx{s)=0 mod N 

eili,{s) - e2{a^{s)+ 1) 

sG/i 

h(_i{s)=0 mod N 


ei{x - x') + e2{y - y') 

ei(x - x'- 1 )+ 62 ( 2 /- - 1) 


ei(x - x'+ 1 )+£2(2/- 2/'+ 1 ) 

ei{x - x') + e2{y - y') 
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ei(/^(s) + 1 ) - 620^(5) 

s£fi 

hf_i{s)=0 mod N 

n £i(/a('S) + 1) - £ 2 aA('S) 

sGA 

hx{s)=0 mod N 


ei{x - x') + e2{y - y') 


si{x - x'- 1 ) + S2{y - y'- 1 ) 


ei{x - x'+ 1 ) + e2{y - y'+ 1 ) 


ei{x - x')+£2{y-y') 


(iii) 


{Px,Px)f 

{PtM,Pli)F 


n 


£i{x - x')+£2{y - y') 


n 


ei{x -x' + l)+ £2{y -y' + 1 ) 


, , „ £i{x-x'+ l)+£2{y-y'+ 1 ) j--*; £i{x - x') + £2{y - y') 


n 


£i{x - x') +£2{y - y') 


n 


£i{x -x' -l)+ 62 ( 2 / -y' - 1 ) 


, , „ £ 1 ( 2 ;-x'-l)+ 62 ( 2 /- y'- 1 ) j- J; £i{x - x') + £2{y - y') 


Proof. Let us prove (i). All factors cancel except concerning with cells 
(L) s = (x', y) for 0 < x' < x; or 
(R) s = (x, 2/0 for ^ <y' < y. 

In the case (L) we have 

l\{s) = X — x', If^is) = x — x' — I, 


axis) = a/i(s) = K'+i - (y + !)• 

If we put y' = Aa;/+i so that h\is) = 0 mod N is equivalent to that (x', y') is an i-cell, then 
the numerator is 


n ei^A('S) - £2(aA(s) + 1) = n - a :0 - e2(y'- y). 

s={x' ,y)£X 0<x'<x 

hx{s)=0 mod N 
0<x'<x 
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If we put y' = Xx'+i — 1 so that h^{s) = 0 mod N is equivalent to that (x', y') is an i-cell, 
then the denominator is 

- e2(a/i('S) + 1) = ei(x - x'- 1) - 62(2/'- 2/+ 1). 

s=(x' ,y)£^ 0<x'<x 

h^(s)=0 mod N 
0<x’ <x 

Then their ratio is given by 

ei{x - x') + e 2 {y - y') 
ei(x-x'- 1 )+ 62 ( 22 - 2 /'- 1 ) 

after cancellations. In the case (R) we have 

— ^y'^l {x 1), 
aA(s) = y-y', a^{s) = y - y' - 1. 

If we put x' = ^Xy'+i so that hx{s) = 0 mod N is equivalent to that {x',y') is an i-cell, 
then the numerator is 

tt ei^A('S)-£2(aA(s) + 1) = tt 6i(x'- X - 1) - 62(2/- 2/'+ !)• 

s=(x,y')&\ 0<y'<y 

h\{s)=0 mod N 
0<y'<y 

If we put x' = *Ay/+i — 1 SO that hy{s) = 0 mod N is equivalent to that (x', y') is an i-cell, 
then the denominator is 


tt Silyis) - e2{ay{s) + 1) = 6i(x'- x) - 62(2/- 2/')- 

s=(x,y')efM 0<y'<y 

hfj,{s)=0 mod N 
0<y'<y 


Then their ratio is 


6i(x-x' + l) + e2(2/-2/' + l) 
ei(x-x')+ 62(2/-2/') 


The proof of (i) is complete. 

We prove (ii) by a similar argument. In the case (L), if we put y' = — 1 so that 

hy{s) = 0 mod N is equivalent to that {x',y') is an i-cell, then the numerator is 

ei(^/,(s) + 1) - 62a/i(s) = n ei(x - x') - £2(2/'- 2/)- 

s=(x' ,y)£y, 0<x'<x 

/i^(s)=0 mod N 
0<x'<x 
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If we put y' = so that hx{s) = 0 mod N is equivalent to that (x', y') is an i-cell, then 
the denominator is 

ei(ZA(s) + 1) - e2aA('S) = ei(x - x'+ 1) - 62(2/'- y - 1). 

s={x' ,y)£\ 0<x'<x 

hx{s)=0 mod N 
0<x'<x 


Then their ratio is 


ei{x - x') + e2{y - y') 
ei(x - x'+ 1)+e 2 (y - y'+ 1) 

In the case (R), if we put x' = *^Xy'+i — 1 so that hfj,{s) = 0 mod N is equivalent to that 
{x', y') is an i-cell, then the numerator is 

ei(^/i(s) + 1) - e2a^('S) = ei(x'- X + 1) - £2(y - y'- !)• 

s={x,y')ey 0<y'<y 

hfj,{s)=0 mod N 
0<y'<y 

If we put x' = ^Xy/+i SO that hx{s) = 0 mod N is equivalent to that (x',y') is an i-cell, 
then the denominator is 

ei(^A('S) + 1 ) - e20A(s) = £1(2;'- x) - e2(y - y')- 

s={x,y')£X 0<y'<y 

hx(s)=0 mod N 
0<y'<y 

Then their ratio is 

ei(x - x'- 1 )+ e2(y - y'- 1 ) 
ei(x-x') + e2(y-y0 


The proof of (ii) is complete. 

The assertion (iii) follows from (i) and (ii). 


□ 


3 Explicit formula 

3.1 Gelfand-Zetlin basis 

Recall the set M defined in Subsection We associate ri,..., r; and pi,... ,pi with an 
element m G M. 
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Let iSm be the set which consists of collections of integers A = 
run through i = 1 ,..., A", p = 1 ,..., s = 1 ,..., satisfying: 


where indices 



l\il <p <Ps, 
0 otherwise, 




> A 


(*) 

i-i,p 


> A 


is) 

i,p+l‘ 


Although the conditions depend only on the data pi,... ,pi, we distinguish them for dif¬ 
ferent m. 

For each s, a collection A^^^ = (Ajp)j^p of integers is called a Gelfand-Zetlin scheme. In 
fact, this is a restricted class of usual Gelfand-Zetlin schemes. A Gelfand-Zetlin scheme 
used by Nazarov-Tarasov [NT! Section 2] is defined for any dominant integral weight A of 
The above dehnition corresponds to the fundamental weight Wp^. 

Let A = (aSJ) G 5m be a tuple of Gelfand-Zetlin schemes associated with m G M. 

For a fixed {s, i) there exists a unique p such that A^ ^ = 1 and A^-= 0. We write 
for such p. 

The yii/( 0 [ 7 v)-module I/(tr7pJai < 8 ) • • • G V{-Wp^)ai with 


as = tVs + h'{pi H- \-Ps- 

has a basis {CA}AG 5 m) the Gelfand-Zetlin basis constructed by Nazarov-Tarasov [NTl 
Section 3]. Each is a simultaneous eigenvector of A;j/(g[jY) and explicit formulas for the 
actions of Ai{u), Bi{u),Ci{u) are known. 

The element of <Sm corresponding to the highest weight vector is where 


(•«) 

<P 


1 if 1 < p < min{f,ps}, 
0 otherwise. 


We have > A^^^ for every {s,i,p) and A = (Aj^) G 5m* For tV G 5m and 

(s) 

A zb 5] ^ denotes the collection of integers whose entries are the same as in A except for 
the (s,f,p)-entry A^^ ± 1 . 


For a fixed i = 1,.. 

., A — 1 and A G 5ni, we define 


Ra,! = {('S,p) 1 A -|- dO g <Sm}, 
AA,i = {(s,!?) 1 A - G 5m}. 

Set 

- 1 - 

where 



as = tVs -F h'{pi H- \-Ps- -^) 
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Fix (s, i,p) and set 


•fi'+j/ = h'{p-p' + ) - {as - as'), 

-^+y = fi'{p-p' + p,) - {as - as'), 

K^-l' = ^{P -p' -1 + ) - {as - as'), 

L^ll' = ^'(P -P' -1 + A-!_iy) - (O^ - Og/) 


A*') 


for each {s',p'). Put 


i / 


p i+l p—l i—l 

-Q =n (n n aa n n aa i . 

s^=l p'=p-\-l 


=n I n 


I / 


-(*') p-l t(s') 


=1 \p'=l ^+,p' p'=l ^-,p' 

These are introduced in [NT[ p. 203 and p. 205]. In our case, note that A^-^ = 0 if 
{s,p) € i?A,i and A^^ = 1 if {s,p) € A\^i. Also note that the values in [NT] are 

(s) (s) 

all zero. Hence we have these forms of 7ip,/3ip- Then the formulas given by Nazarov- 
Tarasov |NT[ Theorem 3.2, Theorem 3.5, Theorem 3.8] read as 


f n- 1 )+ (^s) I Ai{u)CA= f n n(« - ) u, 


\5=1 P=1 


\5=1 P=1 


f n 1 = Yi (“A^) f n 


u — 


(s') 

i,p' 


\ 5 = 1 p=l 


(s,p)Gi?A.i 


(s) (s') 

U- — U 


[ n n(« - ^'(p-1) Tos) ) c'i(^^)?A = X] 


(^) 

i^p 


d^'>P')A(s>P) ' i,P' 


(3.1) 


(3.2) 


n 


u — V- 


l,p' 


\ 5=1 P=1 


(s,p)6AA,i 


(s) _ (s') 

,{s',P')j^is,p) ^i,P ^i,P' 


’A-5. 


(7- 


(3.3) 

Here we use the Lagrange interpolation to derive (13.2p . ()3.3p from the formulas in [NT] 
thanks to the fact that the left hand sides of ()3.2p and (|3.3p are polynomials in u whose 
degree do not exceed il — 1 [NTl Proposition 3.1]. 

Remark 3.1. We need to swap Bi{u) and Ci{u) in the formulas of [NT] since the generator 
xj-p in [NT] corresponds to our Tjp. 

3.2 Gelfand-Zetlin schemes and partitions 

We give an identification between Gelfand-Zetlin schemes and partitions. Let A € 5ni be 


a tuple of Gelfand-Zetlin schemes. We associate a sequence (4^^) with A = (A)^) by 

iP = min{z ] aJ/ 0 } 
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for p = 1,... ,ps. We can recover A by 

\> = < i), 

where 5{P) takes 1 if P is true and 0 if P is false. Note that = 0 ifp > by definition. 
Set n = Pi + ■ ■ ■ + pi- Define ja for a = 1,..., n by 

JpiH-hps—p+i ~ ^ 


for p = 1 ,... and s = 1, .. . 1 , that is, 

‘pi ) • • • ) ''1 > ‘p2 > ■ ' 




,•( 2 ) 


) ‘1 


Pi ’ 




) ‘1 


and assign a partition A so that 


Aa - a + 1 = ja - Nma. 

This gives a one-to-one correspondence between and Pm- Note that we have 1{X) < n. 

We can see that the subsets Pa,* and Aa,* correspond to Pa,* and Aa,* respectively, 
under this identification of A and A as follows. Suppose (s,p) G Pa,*, then we have 
4^^ = i -|- 1. If we put X = pi + ■ ■ ■ +ps—p and y = Aa;+i — 1 then (x, y) € Pa,*- Moreover 
A-|-5|p corresponds to the partition obtained from A by removing the z-cell (x, y). Similarly 
suppose {s,p) G Aa,*. Then we have 4^^ = If we put x = pi + ■ ■ ■ + ps—p and y = A^+i 
then (x, 7 /) G Aa,*. Moreover A — corresponds to the partition obtained from A by 
adding the z-cell (x,y). We remark that in the case 1(A) = n, the residue of (/(A),0) is 
equal to 0 since n is a multiple of N. Therefore we have (1(A), 0) G Aa,o and A does not 
correspond to any element of Aa,* for i = l,...,A’ — 1. 

We sometimes write ^a instead of ^a under this identihcation. 


3.3 Explicit formula 

In the sequel, we regard the basis {CaIag’Piii elements of Pm = (tUpJai ® ® 

V(wpi)ai) via pullback. This does not affect the y/*(slAr)-niodule structure. 

First we show that the eigenvalue of A*(ti) for Pa and that for ^a coincide, and then 
calculate Hi(u)Px. We rewrite the formula (|3.1I) for A*(ti): 


I i 


Ai(u)^\ =gi(u) n 


u - ti(p - 1 - a 4 p 4 +« 




s=lp=l 


?A- 


We have 


nn 

S=1 p=l 


u - h'(p - 1 - aJJ) + as _ ^ ^ u - h'(p - 1 - S(ijf^ < i)) + 


u - h'(p - 1) -I- a<j 


nn 

s=l p=l 


u - h'(p - 1) -I- Os 
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since 


^(s) _ f '^(4'' < 0 if 1 < P < 

|o if p > ps- 

We have 

3 

-h'{p - 1 ) + Os = trs + h'{pi H- hPs-p+l-^) 

3 

= tmpi+...+p^_p+i + h'(pi H-h Ps - p + 1 - -) (3.4) 

for p = 1,..., ps. If we put 

a = Pi -hPs-p+1 

and vary p = 1,... ,ps, s = 1,... ,1, then a runs through 1,..., n. Hence we have 

3 

u - h'jp - 1 - ,5(4'^ < i)) + g. A ^ ~ 2 ^ 

tt h {p 1 ) + Os .y _|_ _|_ 

Comparing with (12.131) . we conclude that is a constant multiple of Px since both {PaIasP 
and {CaIagP ^re eigenbases with pairwise distinct eigenvalues. Hence we have 

Px = «A?A 

with some nonzero caa G C(ei,e 2 ). Recall the formula (|2.3I) : 

Ai_i{u - ]-h{i - l))Hi+i(rt - ]-h{i + 1 )) 

H,{u) = - \ - ^ -. 

Ai{u - -h{i - l))Ai{u - -h{i + 1)) 

The eigenvalue of 

Hi_i(n - ^h{i - 1 )) 

Ai{u - ^h{i - 1 )) 

is given by 

1 3 1 

gi-i{u - -h{i -1)) jpu + tnia - ^(o - t: + <*-!))- - 1) 

-r-n-S-w-■ PP 

gi{u --h{i - 1)) a=i u + tnia - h{a - - + S{ja < i)) --h{i - 1) 
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We have 


3 1 

^U + trua - h{a - - + 6{ja <i-l)) - -h{i - 1 ) 

n-S— 

a=l U + tnia - h{a - - + 6 {ja < i)) - -h{i - 1) 


n 


3 1 

u + trUa - h{a - 2 ^ - 2 ^{i “ 1 ) 

-- 3 1 

3 a=i u + tma - h{a - - + 1) - -h{i - 1) 

1 

u + trUa — n{a H —i — 2) 

n-1— 

ja=i u + trUa - h{a + -i-1) 


n 


u + trUa — h{a + -i — 2) 


n 


u + trUa — h{a + -i — 2) 


(a-l,Aa)GAA i U + trUa - h{a + h — 1) nia-i=ma u + tlTla - h{a + h - 1) 

’ 2 Ja- 1=*+1 2 

ja=i 


The last equality follows from (I2.5p . the description of Ax^i- Recall that if A satishes 
/(A) = n, then (/(A),0) € Aa,o holds, hence it does not appear in the product. Similarly 
the eigenvalue of 

Ai+i{u - -h{i + 1 )) 


Ai{u - -h{i + 1 )) 


is given by 


1 3 1 

9i+i{u - -h{i + 1)) ^ u + tma - % - 2 + i + 1)) - + 1) 

I 11 3 i 

gi{u - -h{i + 1 )) a=i u + tma - h{a - 6{ja <i)) --h{i+ 1) 


(3.6) 
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We have 


^u + trUa - Mo - ^ + 5(ja <* + !))- + 1) 

n- H — 

a=l u + trUa -h{a - - + 6{ja < i)) - -h{i + 1) 

3 1 

u + trUa - h(a - - + 1) - -h(i + 1) 

= n-w— 

ja=i+i u + trUa - h{a - 2 ^ - 


n 


1 -N 

u + trUa - n[a + -i) 


ja=i+i u + trUa — h{a + -i — 1) 


n 


u + trUa — h{a + -i) 

I 


n 


u + tnia — h{a + -i) 

I 


(a-l,\a-l)€Rx i U + tma - Ha + -i - 1) ma=ma+l u + tlTla - Ha + 77^-1) 

’ 2 ja=i + l 2 

ja + l=i 

The last equality follows from (12.41) . the description of Consider the product of (|3.5p 
and ()3.6p . We have 


gi-i{u - ]^h{i - l))gi+i{u - ]^h{i + 1)) 
9i{u - - H)9i{a - + 1)) 


= 1 


and 


u + trUa — Ha H —i — 2) 

n -n 


= 1. 


u + trUa - Ha + -ji) 

ma-i=ma u + trUa — Ha H-* ~ 1) u + tnia — Ha H-* “ 1) 

ja — 1—2 ja —2 

ja=i ja-\-l='i- 

In both cases when (x, y) = {a — 1, A^) € A\^i and (x, y) = {a — 1, — 1) € R\,i, we have 

(3.7) 


trria = Ne 2 ma 

= £ 2 {x -y + i) 


by ()2.6I) . Therefore we have 
Hi{u)Px 

u-£i{x + ]-i-l)-£ 2 [y 

n -^—f— n 


u — £i{x + \i + l) — £ 2 {y - + 1) 


{x,y)eAx,i u - £i{x + ^i) - £ 2 {y - ^i) {x,y)eRx,i u - ei{x + - £ 2 {y - ]a) 


-Py 
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-I- (r) (r) 

Next we calculate Xf^Px. Let A,// be partitions and define E^xil^^X/i 


K■P>^ = E<’p« 


PrP^ = 


(r) "(r) 

Similarly we define by 






Then we have 


ph) ph) _ fp{r) p{r) 

— ^XfjL^ ^iX 


since Px is a scalar multiple of ^x- By Proposition 12.71 we have 

{X+^Px,Pf,)F = {Px,X-^P^)p, 


(3.8) 


and hence the equality 


Substituting (|3.8p to this, we have 


Ei"l{P,,P;^)F = F';^{P,,P,)F. 


E\ 


(r)'^^ _ ^{r)p{r) {Px,Px)f 


m 


X^^^ A;. 

On the right-hand side, E^xIEuX calculated and ^ been calculated i 

(P/Lt) PfilF 

Lemma 12.81 Hence we can determine E^^^ up to sign. Our goal is to calculate E^^^pj^^ 
explicitly and to determine the sign. 

By the formulas (j3.1l) . ()3.2p . ()3.3I1 . we have 


Ai{u) ^Bi{u)^A = ^ 


(^) 

~%,p 


(s,p)eitA,i 


u — h'{p — 2) + as 


n 


1 


Ciiu)Aiiu)-^CA = Y1 


A 


(^) 

i,p 


,p')¥^{s,p) i,p ~i,p 

1 


(^) _ „P') I 


FX — F- 


{s,p)&Aax 


u — h'{p — 2) -|- Os 


n 


7T K. 


y(a',P')i^{s,p) i,p i,p 




We have 


-h'(p -2} + as = tma - h{a - -) 
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by (j3.4l) where we put a = pi + ■ ■ ■ + ps — p + I- Let {x, y) = {a — 1, — 1) € R\^i be the 

cell corresponding to (s,p) in the case {s,p) G RA,i, and {x,y) = (a — 1 , Aq) G A;\^i in the 
case (s,p) G A^^i- In both cases, we have 

-h'{p - 2 ) + Os = e 2 {x - y + i)-h{x + ^) 
by 

Recall the formulas (12.ip and (12.2p : 


- 1 ))> 

r>0 

~ -1 ))“^ 


r>0 


Hence we see that 


— 


_ph) - 


-/l-ih,(x+Ii) + e2fe-ii)) [(-7.';’) n (.) ^ „■) 

\ {s',p')^(s,p) ^i,p ^i,p' 

(s) 

if fi corresponds to A + 51 ^, 

0 otherwise, 

-h-i (ei{x + U) + S2{y - E) I /lf,p n 


Set 


(s') 

if p corresponds to A — 5)^, 
0 otherwise. 


Exp,=-h h-tJJ) n 


(s) (s') 

{s',p'}j^(s,p) ^i,p ^i,p' 


(s) (s') ■ 

(s',p')^(s,p) ^i,p ^i,p' 


ft. = n 


1 




(s',p')7^(s,p) ^i,p ^i,p' 


(s) (s) 

Note that 7 ^-^ and can be written 


as 


(s) 

TiJ = 


i+l 


p-1 


i—1 


n n n ei n n ei 

s'=l \p'=l p'=p+l p'=l p'=p 

/ / i+l P p-1 i-1 

n n A'], n n <>, n aa 

s'=l \p'=l p'=l p'=l p'=p 
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and 




p p-i 


-,p 


/=i p'=i 


s'=l \p'=l +,p' P' 


{s') 


I (i-1 


p ^ 


(^') P-1 


i-1 


(^0 • 


We calculate 

( I i+1 

n n d"’. 

s'=i p'=i 

and 

( i i-1 

n n d-i 

s^=l p'=l 


n nd-:^n^n^n,.., 

s^=i p'=i p'=i ^—^p' p'=p ^—^p' 

\ / 


/ i+l 

n 


n 


(s) (s') 

As',p')^is,p) ^i,P ^i,p' 


P' = l 


n ( 

l<p'<i 
\ P'¥=P 


(s) (s) ' 

^Ip - %P'^ 


n 


i+l \ 

U<1 ^ 

p'=l 


f (s) (s')^ 

[u- — V- ; 

^ 2,p 2,p' ^ 


p' = l 


/ i-1 

n 


n 


(s) (s') 

y(s',p')¥^(s,p) ^i,P ^i,p' 


P' = l 


n ( 

l<p^<2 

\ pVp 


(s) (s)' 

^Ip ~ ^i,p'- 


! 


n 

s'5^s 


nd-:> ^ 

p'=i 




p'=l 


in the next lemma. 

Lemma 3.2. (i) Let {s,p) € i?A,i. Then we have 

i+l 


n 

p'=l 


n ( 

l<p'<i 

pVp 


W _ {s)\ 

^1,P ’^i,p') 


= n^{p — i — 1) 


and 


i+l 

n d']. 

p'=l 


= < 


n 

p^=l 


' (S) (5')> 

TiJ - %p' > 


h'{p - i - 1) - {as - as') if 4+1 = 4^ 4 

h'{p -i) - {as - as') if 44i = 4^ ^ ^ 4"" ^ = L 


H'{p - if 4 - {as - Os')) {f!{p - i - 1) - {as - as' 
h'{p - if ^ - 1) - {as - as') 

iflfJ=lf'^ + l andlf'^ ^i 


for s' ^ s. 
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(ii) Let {s,p) G A\^i. Then we have 


2—1 


n 

p'=l 


n ( 

l<p'<i 

p'¥=p 


(^) (^) \ 

l,p 'l,p ■' 


p — i — 1 


and 


2—1 

p'=l 


-,p' 


= < 


n 

p^=l 




1 


h'{p - i - 1) - {as - as') 
1 




if itX = if ^ - 1 and if ^ = i, 


h'{p -i) - [as - as') 

h'{p - if ^ -1) - {as- Us') 


- 1) ') - {as - as' 


i {as as 


[ if fll = if ^ - 1 and if ^ ^ i 

for s' 7 ^ s. 

Proof. Let us prove (i). We have = 0 by the assumption {s,p) G The (s)-factor 
is calculated as 

2+1 2+1 

n n -p'+ 

p'=i p'=i 


n 

pVp 




n f'-'(p - p'+^ffp' 


l<p'<i 

p't^P 


i+l 


'[lh'{p-p' + i) fl'{p-p') 

P' = l p'=p-\-l 


P-1 


Ylh'{p-p' + i) h'{p-p') 

p' = l p'=p-\-l 

= h'‘^{p — i — 1). 

Suppose s' ^ s and let us calculate 


i+l 


i+l 


n 

p'=i 


p'=i 


2+1,p' 


/) (<3-5 Cl s' 


n( 


{^) (^')a 

U — U- ] 

2,p l,p' / 


n if'^^p -p’+^fj) - - Os' 

1 
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If = if ^ then we have = xfj for p' = 1,... ,i and A-^|= 0. Hence 

all but the (p' = i + l)-factor cancel and we obtain the result. 

If = if ^ + I and if ^ = i then we have = A^^^ for p' = 1,... ,i and 

A^+l j_|_i = 1. Hence all but the {p' = i + l)-factor cancel and we obtain the result. 


If j = if ^ +1 and if ^ / i then we have A^^^^ p, = A^^^ except for p' = if ^ -hi, i + 1. 

The result follows from A^^ ^ =1, A*-^ A. = 0 and A,-l| , = 0. 

'+1 i,ir ^+1 *+!,*+! 


Let us prove (ii). We have A^^ = 1 by the assumption (s,p) G vIa,^- The (s)-factor is 
calculated as 


2—1 


n 

p'=i 


n ( 

l<p^<2 

p'¥=p 




n I + \-\y) 

p'=l 

n ip - p'-+^fp') 

l<p'<i 

pVp 

p—l i—l 

h'{p - p') h'{p -p' -1) 

p' = l P'=P 

p—l i 

h!{p - p') h'{p -p' -1) 

p' = l p'=p+l 


This is equal to 


-h' 


1 


h'{p — i — 1) p — i — 1 

if p ^ i and 1 if p = i for which the above is also true. 


Suppose s' ^ s and let us 

calculate 

2—1 

2—1 

n T‘:>, 

n i^'ip - p' - 1 +- i^s - Oso) 

p'=i 

p'=i 

2 

i 

n (A;’ - TA 

1 n i^ip - p' - I + \>') - (a* - as')) 

p'=i 

p' = l 

• If iff = if ^ then we have A-l^y = \fj forp' = and A-^j ^ 

all but the {p' = i)-factor cancel and we obtain the result. 


If lf-\ = if ^ — 1 and if ^ = i then we have A^l| p, = A^-^ for p' = 1,..., i — 1 and 
A^^j^ = 1. Hence all but the {p' = i)-factor cancel and we obtain the result. 
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If = if ^ — 1 and if ^ ^ i then we have p, = except for p' = if \i- The 
result follows from = 1 , A^^ ^ , ,> = 0 and A-* ^ = 0 . 

(s') ’ ,-_i ;(s') *,* 


id, 




□ 


Lemma 3.3. Let {x,y) G Rx^i and p = X\{x,y). Then we have 


Ex^F^x 


= n 

(x',y')^Ax,i 


ei{x - x' + 1) + £ 2 {y - y' + 1) 
ei{x - x') +£ 2 {y - y') 


n 

ix',y')£R^,i 


£i{x -x' -1) + £ 2 {y -y' -1) 
£i{x - x') + £ 2 (y - y') 


Proof. The product Exf_iF^x is written as 

{—h~^) X ((s)-factor) x ((s')-factors). 

s'j^s 


We see that 


-1 


p — z — 1 


{—h ) X ((s)-factor) = {—h ) x \^h^{p — i — 1) 

by Lemma [321 We classify {s' 7 ^ s)-factors as follows; 

(ii) 4 :'!=T>.e=T>-i-dr>=i; 

(iv) 4:'!=TTi.ri=4-''-i-dir>=i; 

(v) 4:'!=TTi.ri=4-''-dr'^i; 

(vi) 4:'i=ir>+i.ri=iL-i-d4-Vi. 

We calculate the factors in each case using Lemma 13.21 In (i), we have 

1 


= 1 


- 1) - L i _ 1)L 


In (ii), we have 

(ji'ip - i - 1) - {as - as'fj X 


_1__ E{p - if ^ - 1) - {as - as') 

h'{p-i) -{as-asA n'{p-lf'f-{as-asA 
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In (iii), we have 


{ti{p - i - 1) - {as - a*')) X 


h'{p - if ^ - 1 ) - (a^ - as') 


- q ') - {as - as' 


I 1 ) (^^5 


h'{p - if ^ - 1 ) - (g^ - as') 
h'{p - if - (o^ - as') 


In (iv), we have 




1 

h'{p -i)- {as - as') 


In (v), we have 

{h'{p - if f - {as - as')^ (ji'{p -i-1) - {as- a^O) 1 

h'{p - if'^ - 1) - (a, - as') i - 1 ) - (a. - as') 

_ fi'{p - if - (g^ - as') 
h'{p - if ^ - 1 ) - (a* - as') 

In (vi), we have 


{ti{p - if f - {as - as')'^ (ji'{p - i - 1) - {as - a^')^ 
h'{p - if ^ - 1) - (a^ - as') 

^ _ h'{p - if ^ - 1) - (g^ - as') _ 

{h'{p - if f - {as - as')'^ (h'{p - i - 1) - {as - a^')^ 

= 1 . 


Recall that {s,p) G i?A,i corresponds to {x,y) G R\^i with 

x = a-l=pi-\ - \-Ps-p, y = Aa;+1 - 1 . 

In (ii) and (hi), put 

x' = a' - l= pi-\ - \-Ps' - if 

Then {x',y' = Aj,/+i) G Ax,i and 

h'{p - if f - {as - as') = {h'{p - 1 ) - as) - {h'{lf ^ - 1 ) - a^') 

= -{tnia + h'{a - ^)) + {trua' + ti{a' - ^)) 

= h{x — x') — t{ma — THa') 

= ei{x - x')+e2{y - y')- 
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Hence we have 


n 


li'ip - 4 ® * - 1 ) - (Os - Gs’) 


n 


ei(x- z' + 1 ) +£ 2 (y - y' + 1 ) 


In (v), put 

x' = a' -1 = pi-\ - \-Ps' - {li^^ ^ + !)■ 

Then {x',y' = A 3 ;/+i - 1) € and 

h'{p - if f - (as - agi) = £i{x - x' - 1) + £ 2 iy - y' - 1). 

Hence we have 


n 

5'satisfies (v) 


ti{p - if - {as - as') 
h'{p - if ^ - 1) - (os - as') 


n 


(x',y')&Rp,,i 

This completes the proof. 

By Lemma 12.81 (iii) and Lemma 13.31 we have 




£i{x -x' -1) + £ 2 {y -y' -1) 
£i{x - x') + e 2 {y - y') 


□ 


^A/i 




1 1 

= ( + ^i) + £2iy - ^i) 


2r 




n 


£i{x -x' + l)+£ 2 {y-y’ + 1) 


n 


8i{x -x' -l) + £ 2 {y -y' -1) 


. ei{x - X') + £2{y - y') £i(x - x') + £2(2/- y') 


and hence 

= cfl [ei{x + ^i) + £ 2 (y - 

ei(x - x'+ 1 )+£ 2 (y - y'+ 1 ) 


n 


ei(x - x' - 1) + £ 2 {y - y' - 1) 


ei(^-^') + e 2 (y-y') ,,, ei(x-x 0 + e 2 (y-y 0 

with some G {=tl}- We have 
ph) _ ph) Py)F 


= 4 ^ + e 2 (y - 

ei(x - x' + 1) +£ 2 (y - y' + 1) 


n 


n 


ei(x - x' - 1) + e 2 (y - y' - 1) 


ei(x-x') + e2(y-y') ,, ei(x - x') + e2(y - y') 

' r>' •}/ I C 
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(r) 

Let us determine the signs By the definition we have 


p(r) _ ttA p(r) 

= ^(^^i{x + ^i)+e2{y-^i)] Exf,. 


This implies that is independent of r since 


+ ]^i) + e2{y -]^i) / 0. 

Thus it is enough to determine c®. The value of -E® has no pole at ?i = 0, equivalently 
£2 = —£i, and specializes to c® at ^ = 0. When ^ = 0, the Jack(g[^) symmetric function 
Px specializes to the Schur symmetric function sx- Then by the formula of we 

conclude c® = 1. We have obtained the following. 

Theorem 3.4. The action of the Yangian L/i(s[Ar) on the Foek space F is given by 


XtPx 


^ (^£1 {x + ^i)+£2{y- 


{x,y)eRx, 


n 


£i{x - x' + 1) +£ 2 iy -y' + 1) 


n 


£i{x -x' -1) + £ 2 {y -y' -1) 


£i{x - x') + £ 2 {y - y’) £i{x - x') + £ 2 {y - y') 


KrPn 


(^i{x + ]^i)+£2{y-]^i) 

ix,y)eAi_,^i 

£i{x - x' + 1) + £ 2 {y -y' + 1) 


n 


(x',y>)eA\ 


ei(x - x') +£ 2 {y - y') 


n 


y.\j{x,y),i,{x,y) 


{x',y')&P 


£i{x -x' - l)+£ 2 {y -y' -1) 
£l{x - x') + £ 2 {y - y') 




Hi{u)Px 

u-£i{x + \i-l)-£ 2 {y-\i-l) u-£i{x + \i + l)-£ 2 {y-\i + l) 

= n -^—r-—^—r— n -^—r-—^—T— 

{x,y)&Ax,i U - £i{x + -t) - £2{y - -t) {x,y)GRx,i U - £i{x + -l) - £2{y - - 1 ) 
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4 Quiver variety 


4.1 Basics 


We consider the quiver varieties associated with the cyclic quiver (I, il), where the set 
of vertices is I = Z/iVZ and the set of arrows is = {ri: i —>■ i + 1 | i G /}. Let 
Q = {fi-i — l|i€/}be the opposite arrows. 

We recall the definition and basic properties of quiver varieties following |Na ^ . For the 
special case of the cyclic quiver, see papers by Varagnolo-Vasserot |VV2] and Nagao |NagH 
|Nag2| . Take v = (ni),w = {wi) G (Z>o)^ and /-graded vector spaces V, W such that 
dim Vi = Vi, dim Wi = Wi. We set 

M{-v,-w) = 0 Hom(Vi, Vi+i) © 0 Rom{Vi, V-i) 

i&I iel 

© 0 Hom(lW, Vi) © 0 Hom(Vi, Wi) 

i&I i&I 


and write an element of M(v,w) as {Bq = {Bi),B^ = {Bi),a = {ai),b = (bi)). The 
moment map /r: M(v, w) ^ End(Vi) is defined by 

lj{{Bn,B^, a, b)) = ^ {Bi_iBi - Bi+iBi) + ^ aA. 

i&I iel 

An element {Bq,Bq, a, b) G is said to be stable if there does not exist any nonzero 

(/?n,/?Q)-invariant subspace of V contained in Ker6. Put to be the subset of 

/i“^(0) consisting of stable elements. Then Gy, = OiG/ GL{Vi) acts on fj. ^(0)® freely. The 
quiver variety is defined as 

T)l(v,w) = ^"^(0)7Gv 

and known to be a nonsingular quasi-projective variety. In this paper, we only consider 
w corresponding to the basic weight Aq of sItv, that is, 


Wi = 


1 if i = 0, 

0 otherwise. 


We denote 5[)l(v, w) simply by 91t(v) from now on. Each v is identified with the element 
EiG/^ iOi of the root lattice of sIat. 

The quiver variety 91t(v) admits the action of the torus T = (C^)^ dehned by 


{ti,t2)[Bn,B^,a,b] = [tiBn,t2B^,tit2a,b] 

for {ti,t 2 ) G T. In the sequel, the natural representations of T are denoted by ti,t 2 which 
are dehned as the hrst and the second projections. We use the same symbols for the 
corresponding T-equivariant line bundles on 9JI(v). 

We dehne the tautological vector bundles Vj, Wi by 

Vi = fi-\0)^ Pi, 

— C*an(v,w) ® 
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We regard them as T-equivariant vector bundles. A T-equivariant structure on Vi is 
naturally induced from the T-action on 9Jl(v) and Wj admits the trivial T-equivariant 
structure. There exists a complex of T-equivariant vector bundles 

(^ 1 ^ 2 ) t2 © {tit2) ^Wi Vi- 

We denote by Cj(v) the corresponding class 

(^ 1 ^ 2 ) + t2Vi-l — {tit2 + l)Vi + Wi) 

in the Grothendieck group. 

For a fixed v and i G 1, put = v — Oj and = v. We define a subset ^i(v) of 
X 9Jt(v^) as follows. An element of ^i(v) is a pair {[Bq, 6^], [B^, B^,a^,b‘^]) 

such that 

• is a (T^, T? )-invariant subspace of 

• Ima^ C F^, 

. {BlBl)\y^ = {B^^,B^^), 

• b'^lvi = b^- 

Then fPj(v) is known to be nonsingular. We define the line bundle Ci{v) on ^i(v) to be 
the quotient where pa - x is the a-th projection for 

a = 1,2. 

For a T-equivariant vector bundle E, we denote by Ci{E) the i-th T-equivariant Chern 
class and put c_i/u{E) = Ci(T')(— 1/tt)*. The T-equivariant Euler class of E is denoted 

by e{E). 

4.2 Torus fixed points 

We describe the T-fixed points of 5[)i(v) and the tangent space at each fixed point. These 
are well known and can be derived from the fact that 911(v) is realized in the Z/iVZ-fixed 
point subvariety of the Hilbert scheme of points on C^, for example. For a partition X G V, 
denote the number of f-cells in A by Vi{X) and put v(A) = (ui(A)) G (Z>o)^. The T-fixed 
points of 91t(v) are parametrized by {A G T | v(A) = v}. Hence 

V 

and we use the same symbols for fixed points and partitions. The T-module structure of 
the tangent space T\91t(v) at a fixed point A is given by 

sG A 

k\(s)=0 mod N 

Let LrJ(911(v)) be the T-equivariant Borel-Moore homology group with C-coefRcient. 
It is a module over B^(pt) = C[si,S 2 ]- We consider the sum of the localized equivariant 
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homology H = < 8 >c[ei,e 2 ] C(ei,e 2 ). Let i: 9Jt(v)'^ —>• S!Jt(v) be the inclusion. 

Dehne [A] = 'j*(lA) € LfJ(9Jt(v)) to be the class of the fixed point. Then forms a 

C(ei, e 2 )-basis of H by the localization theorem. Define a symmetric bilinear form { , )h 
on H by 

for a,/3 € iLj(9JT(v)) ( 8 )c[£i^ £ 2 ] C(ei,e 2 ) and to be 0 for different components, where 
p: 9Jt(v)^ —)■ {pt} is the projection. 

Proposition 4.1. Let A,/i E P. Then we have 

([A], [//])// = ( 5 a/.j n (ei(^A(s) + 1 ) - e 2 aA(s)) (ei^A(s) - e 2 (aA(s) + !))• 

sG A 

hx{s)=0 mod N 

Proof. We have 


([A], [p])h = 

by a standard argument. The assertion follows from the formula of the tangent space. □ 
This proposition together with the norm formula ()2.12|] implies that the assignment 

( 1 ^ 

n + 1) _ £2aA(s) 

\h\(s )=0 mod N j 

gives an isometry between the localized equivariant homology H and the Fock space F. 
However we note that giving an isometry via orthogonal bases has an ambiguity of sign. 
We also remark that this correspondence can be considered without Yangian action since 
so is the definition of Pa- We should make an isometry H = F more canonical by taking 
account of the Yangian action. 


5 Affine Yangian action on the Fock space 

5.1 AfRne Yangian 

Definition 5.1. The affine Yangian is the algebra over C(ei,e 2 ) generated by 

xfr^hi^r {i G 7j/N'Ij,r E Z>o) subject to the relations: 

• if A > 3, 

[/ij j.,— 0, (^-f) 

[xf^r^^j,s\ ~ ^ijhi^r+s: ( 5 - 2 ) 

(5-3) 

[hi^r+i,xfj - =0 (i 7^ j,j ± 1), (5.4) 
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[hr+l,xf^s\ - [hi,r,xf^s+l\ = ±(^1 + ^2)ihi,rxf^^ + 

[hi,r+l, xf_^^g] — [hi^r, xf_^^g_^_j] = —Slhi^rxf_i^g — £2xf_i^ghi^r; 

[^i,r+l) ~ = —£2hi^rxf^i^g — £ixf_^-^^ghi^r ■, 

[^i,r+l; ~ [hi^r,X^_-^^^j^^ = £2hi^rX^_i g + £lX-_-^^^^hi^r, 

[hi^r+l,X^_^l^g] — [/ii,^) a^j+i^s+i] = £lhi^rX^_^_i g + £2X^^l^ghi^r, 

[xtr+vxfj - = 0 (i / j,j ± 1), 

K>+1> a;*>] - i^tr^^ts+l^ = 

[xt,r+l,xt-ij - K+ ,X+ = -eiX+ X+ - £2X+ ^,X+ , 

[xt,r+l,xt+l,s] - [xt,r’4+l,s+l] = -£2X+r^t_^^,s “ 


[®i,r+l’^i+l,s] “ [®i,ri ®i+l,s+l] ~ ^^^i,r^i+l,s ^^X^j^i^gXj^^j., 


E 








where 


dij — < 


2 if i = j, 
-liii= j ± 1, 
0 otherwise, 


if iV = 2, 


CT.dOD.dOil.ra. 


(5.5) 

(5.6) 

(5.7) 

(5.8) 

(5.9) 

(5.10) 

(5.11) 

(5.12) 

(5.13) 

(5.14) 

(5.15) 

(5.16) 


[hi,r+2,xf^^J - 2[hi^r+l,xf^^ g^^] + [/li,r, ± (^1 + ^ 2 )(/li,r+lX=^i,, + xi^i,,/ii,r+l) 

=F (ei + £2)(/ii,ra:)^i,,+i + x=^i,,+i^i,r) + £i£2[hi,r,xf_^^J = 0, (5.17) 

dsn]), 


[x%+2^xf_^^J - 2[x± + [x± ,X± ^^,+ 2 ] ± (ei +£2)(xJ^+iXi^i,, 

4“ (s'! + £2){x j^,^x + eie2[xj j.,— 0, 


+ X 


ih 

i+l,s 


X 


zb 

i,r+l 


) 


(5.18) 


where 


( 1061 ) . 

2 if (i,j) = (0,0),(1,1), 
-2 if (i,i) = (0,1),(1,0). 
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We set 


± 




(u) = 

r>0 

hi{u) = 1 + h'^hi^. 


,—r—l 


• U 


r>0 


Remark 5.2. The affine Yangian of type with N > 3 was introduced by Guay |Glj . 
The defining relations given in m are slightly different from ours. The algebra 1 a,^ in m 
Definition 3.3 and Remark 3.4] whose generators are denoted by Hi^r {i £ TLjNTL^ r € 
Z>o) is isomorphic to by 

r>0 

1 + = hi{u - - £ 2 )) 

r>0 


for i 7 ^ 0 and 

(^ - ^^(£1 - £2)), 

r>0 

1 + =ho{u- ^N{£i -£ 2 )) 

r>0 


under X = h and /3 = -h — -N{£i — £ 2 ). The relations for (i / 0,r G Z>o) in 

Ya ,/3 are exactly the same as those in T/((s[ 7 v)- This justihes that we use the same symbols 
both for elements of — 1a ,/3 and Yfi{5iM)- Guay |G21 Corollary 6.1] 

proved for > 4 that the subalgebra of 1 a ,/3 generated by X^^,Hi^r (i 7 ^ 0, r € Z>o) is 
isomorphic to Yfi{5lN)- 

When N = 2, Boyarchenko-Levendorskii |BL| defined the Yangian for s[ 2 . However the 
author does not know if our dehnition may or may not be equivalent to theirs when the 
parameters are specialized. The relations above come from the consideration of the quiver 
variety so that Theorem 15.31 will hold. As remarked in [Nak3[ Remark 3.13], relations may 
be changed if we choose a different T-action. If we define X^j.,Hi^r by 

- ^(^1 - ^ 2 )), 

r>0 

1 + = hi{u- ^(ei - £ 2 )), 

r>0 

then they satisfy the defining relations of l/i(s[ 2 ). 

The elements x^q, hi^ (i G Z/A^Z) satisfy the defining relations of the affine Lie algebra 
sItv- Hence any action of the affine Yangian Y^^^i.^{5[m) restricts to actions of the Yangian 
lfi(s[Ar) and the affine Lie algebra sItv- 
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5.2 AfRne Yangian action on the homology of the quiver variety 

We recall an action of the affine Yangian on the localized equivariant homology 

H. For each v € (Z>o)^ and i e I, let pa- 91T(v^) x 9Jt(v^) —)> 9Jt(v“) denotes the a-th 
projection for a = 1, 2, where v^ = v — Oj and v^ = v. 

Theorem 5.3 (Varagnolo [Y]). The assignment 


Kr ^ 


E(-i) 


_1 


Pu(ci(Ti(v))^ np2(-)), 


V 

hAu) ^ , ,, n (—) 

y C-i/u{ht2Ci{^r)) 


gives an action of the affine Yangian Yi.^^^2{5[n) on the localized equivariant homology 
H = ©v^J(3?t(v)) C(ei,e2). 

Remark 5.4. In m, the defining relations are checked only in the case ei = £2 but a 
modification to the two-parameter case is straightforward. We give a sketch of the proof 
for the case A = 2 in the appendix. 


We can derive a formula for the actions of the generators of the affine Yangian 
Y£j_£2(5[Ar) on the fixed point basis in a way similar to the one used by Varagnolo- 
Vasserot [W2] and Nagao |Nagl| in the case of the equivariant A-group. We give a 
proof for the completeness. 

Proposition 5.5. The action of the affine Yangian on the localized equivariant 

homology H is given by 


(x,y)£Rx,i 

ei(x - x'+ 1)+£2(2/- 2/'+ 1) 

{x’,y’)&Ax,i _ 

TT f t i\ 

[[ £i{x - x)+£ 2 [y-y) 




{x,y)£Afj,^i 

ei(x - x'- 1)+ 62(2/- 2/'- 1) 

[h^{x,y)], 


{x',y')GR, 


£i{x - x') + £ 2 {y - y') 
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hi{u)[\] 


= n 

ix,y)eAx,i 


u - (ei(x - 1) +e 2 {y - 1)) 
u - {eix + £2y) 


n 

{x,y)eRx,i 


u - (gi(x + l)+£ 2 {y + 1)) 
u- {£iX + £ 2 V) 


Proof. Let N^\ be the fiber at {y, A) of the normal bundle to ^i(v) C x 9Jt(v^). 

We put Tx = TxTl{w). The coefficient of [/r] in is given by 


M, [fA)H 




ejN^x) 
e{TA ■ 


Similarly the coefficient of [A] in x^ ^ [/x] is given by 


iA)H 

([A],[A])h 


5((^, A) G 


ejN^x) 
e{Tx) • 


Note that (/x, A) G ^i(v) if and only if y is obtained from A by removing an x-cell with 
= v(/x) and = v(A). 

For a T-module E = 0^ ^ we define Ei by 


E,= 0 tlti 

b—a=i mod N 


For A G P, put 

Vx = 0 tftl- 

{x,y)GX 

Then the fiber at A of the tautological bundle Vi is isomorphic to {y\)i as a T-module. We 
regard W as the trivial one-dimensional T-module. In the sequel, equalities of T-modules 
are considered in the Grothendieck group. 

Suppose (x, y) G R\^i and y = X \ {x,y). Then we have 

Vx-V^ = tltl 


and 

Cl(Ti(v)) = £iX + 622/. 

We use equalities proved by Varagnolo-Vasserot |VV2[ Lemma 7 and 8]: 


{iti+t2-tit2-l)Vx + W)^= tf'tl - Y 

{x',y')eAx,i ix',y')&R\, 


'-LI y'+l 
2 ) 


{{ti+t2-ht2-i)v;:+ht2w*)_,= Y Y 

{x',y')eAx,i ix',y')&Rx,i 

iV^A = ((ii + ^2 - ht2 - 1 )F;Fa + tit2W*Vx + v;w - tit2)o , 

= {{ti + t2- ht2 - + ht2W*v^ + 
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Tx = {{ti +t 2 - ht 2 - + tit 2 W*Vx + V^w)^. 

Using above formulas, we calculate and N^x — Tx as follows; 

N^X -T^= {{tl +t2- tit2 - l)V;{Vx - Vf,) + tit2W*{Vx - V^) - fit2)o 
= {{h +t2- tit2 - l)v* + tit2W*)_. - tit2 

= tltl ( Y 1 - Y 1 - ^ 1^2 


\(x' ,y')eA^^i 

^x-x'+l^y-y'+l _ 


(x',y')eRfj,^i 


(x',y')eAx,i 


(x',y')eRfj,^i 


N^x -Tx = ((tl +12 - tit2 - i)Vx{v; - u;) + W{v; - u;) - ^1^2)0 
= + t2 - tit2 - l)Vx + W). - tit2 


— i2 


Y 1 - Y 1 - tih 

ix',y')eAx,i (x',y')eRx,i J 

^-x+x'^-y+y' _|_ ^-x+x'+l^-y+y'+l 

(x',y')eAx,i ix',y')eR^,i 


Hence we have 

ei(x-x' + l) + e 2 ( 2 /-y' + l) 

ejN^x) _ {x',y')€Ax,i _ 

e{Tf,) si{x - x') + e2{y - y') 

{x',y')eRfj,^i 

and 

ei(x - x'- 1 )+e2(y - 2/'- 1 ) 

^ / i\#AxA-#Ra.i _ 

e(^A) ](J si{x - x') + e2{y - y') 

{x',y')&Ax,i 

which complete the proof for the actions of x^^ with the following easy observation: 


2xj(A) Xj-|_i(A) Xj_i(A) — 5ifl i^Ax,i U i^^x,i- 


For the action of hi{u), we see that 

t;i(v)|A ^ (^1^2)"^{(tl +*2 - ht 2 - 1)14 + W). 

= E E *?*?• 

{x,y)eAx,i {x,y)eRx,i 


which completes the proof. 


□ 
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Put 


= 


n 

5GA 


£i{l\{s) + 1) - e 2 aA('S) 


[A], 


\hx{s)=0 mod N j 

Then by Lemma 12.81 fill and Proposition 15.51 we obtain the following formula; 

= ^ ^ ^®+l('^) + #^A.i,(a;,!/) '^^\\{x,y) ,i,{x ,y) + £2?/)^ 

{x,y)€Rx,i 


n 


£i(x -x' + 1) +£ 2 {y -y' + 1) 


n 


ei(x -x' - l) + £2{y-y' - 1 )^, 


£i{x - X') + e2{y - y') ei(x - x') + £2(2/- y') 


{x,y)eA^^i 


n 


£l(x - x' + 1 ) + £2(2/ 
£l(x - X') +£2(y 


y' + l) TT £l(x-x^-l)+£2(y-y^-l) , 
y') , , ,s pi £i(x-x') + £2(y-y') /^u(x,y)- 


We shall renormalize 6^ so that the signs in the above formulas are all 1. For each 
A G "P, let d be the minimum odd integer such that /(A) < Nd and put 


£a = #{(a, 6) I 1 < a < 6 < Nd, j{X)a > j{X)b}- 


Lemma 5.6. Let A, /r G P such that ^ is obtained from A by removing an i-cell. Then we 
have 

£x-£y^ Vi(A) - Vi+i(A) + #A{^^ - mod 2. 

Proof. By the assumption there exists a unique a such that j{A)a = i + l, j{y)a = * and 
jWb = j{h)b Ah ^ a. Put jfe = j{A)h for every h. Then we easily see that 

ex-£y = -#{6 I 1 < 5 < a, j,, = i} + ff{b \a <b< Nd, jb = i + !}■ 

We have 

Vi{A) - Xj+i(A) = #{6 I 1 < 6 < 1{A), jfe = i + 1} - #{6 | 1 < 6 < /(A), -{b —l) = i + l mod IV} 
= #{h\l<b<Nd, jfe = i + 1} - #{6 I 1 < 6 < iVd, -(6 - 1) = z + 1 mod N} 
= if{b I 1 < 6 < Nd, jh = i + 1} — d 


and 


= #{& I 1 < 6 < a, jb = 'i} - ff{h I 1 < 6 < a, jb = i + l}. 
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hence 


= #{^ I 1 < 6 < o, ife = i} + #{6 I o < 6 < Nd, jb = i + 1} — d 
= #{b \1 <b < a, jb = i} + #{b \ a <b< Nd, jb = i + 1} 

since d is taken to be odd. □ 


Define 

Then we obtain the following formula by Lemma 15.61 

Theorem 5.7. The action of the affine Yangian on the localized equivariant 

homology H is given by 


xfrbx 

= ^ {eix + £2yy 

{x,y)eRx,i 


n 


£i{x - + 1) +£ 2 {y -y' + 1) 

£i{x - x') + £ 2 {y - y') 


n 

{x ,y )^^x\(x,y),i,(x,y) 


Eijx -x' -1) + £ 2 {y -y' - l) j 

ei(x - x') + 62 ( 2 / - 2/0 


^X\(x,y)^ 




^ {eix + £2yY 

{x,y)&A^^i 

£i{x -x' + l)+ £ 2 {y -y' + 1) 


n 


£i{x - x') +£2(2/ - 2/0 


n 

(x',y)eR0i.(,,y) 


£i{x - - 1 ) +£2(2/ - 2 /^- 1 ) 

£i{x - x') +£ 2 {y - 2/0 


^y,U{x,y )) 


hi{u)bx 


= n 

{x,y)GAx,i 


u - (ei(x - 1) + 62 ( 2 / - 1)) 

U - {£iX + 622/) 


n 

{x,y)eRx,i 


u - (ei(x + 1) + 62 ( 2 / + 1)) ^^ 

u- (eix + 622 /) 


5.3 Isomorphism 

The following is the main result of this paper. 

Theorem 5.8. The assignment 

bx ^ Px 

gives a C{£\, £ 2 )-linear isometry and an isomorphism of modules over the Yangian Yb^slxf) 
and the affine Lie algebra slw between the localized equivariant homology H and the Fock 
space F. 
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Proof. We have already mentioned the isometry in Subsection 14.21 

Recall Remark 15.21 that the inclusion Yfi{5lN) C is given by 

r>0 

1 + = hi{u - - £ 2 )). 

r>0 

Hence Theorem 13.41 and 15.71 imply that the above assignment gives a Yli(s[Ar)-module 
isomorphism. 

To see that this assignment gives an slAr-module isomorphism, we check that the ac¬ 
tions of xf^^hifi on the bases of both sides coincide. We can define the affine Yangian 
over C[ei,e 2 ] and its subalgebra {xf^^hifl \ i G ’L/N'L) does not change after 
the specialization £i = —£ 2 - Hence a formula for the actions of on the Schur 

symmetric functions s\ is obtained from the formula in Theorem 15.71 bv putting ei = —£ 2 . 
The result coincides with the original action of sIat on the Fock space, as desired. □ 

Corollary 5.9. The actions of the Yangian Yfi{5l]sf) and the affine Lie algebra si m on the 
Fock space F can be uniquely extended to an action of the affine Yangian ■ 

Proof. The actions of Yfi{5iN) and sItv can be extended to that of by Theo¬ 

rem [521 Uniqueness follows from the fact that Y^-^^^^^{5iN) is generated by its subalgebras 
hi^r I i 7 ^ 0, r G Z>o) and (x^q, hifl \ i G I./NI,). □ 

Appendix 

This appendix is devoted to give a sketch of the proof of Theorem 15.31 for the case N = 2 
following arguments in [Vl Section 5]. In [Vl Section 4 Remark], relations for the Yangian 
associated with a general symmetric Kac-Moody Lie algebra are given. Since a T-action 
used there is different from ours, those relations for s [2 do not coincide with ours even if 
the parameters are specialized to £1 = £ 2 - 

Proof. Modifications are needed only for the relations (|5.17p and ()5.18l) . Thus we put 
k = i, I = i + 1 in E Section 5]. We prove only the -|—cases. 

For (|5.17l) . we take v^, such that -|- Oj+i. Set 

Ci+i = ci{Ci+i{v‘^)) 


and 


Y = C_i/u ((Ci(v^) - tit 2 Ciffi^)) - (Ci(v^) - tit 2 Ci{v‘^))) 

= C_i/„ {{ti +t2- tf^ - t2 ^)A-Hi(v^)) 

_ (1 - U~^(q+i +£i ))(1 - U~^{Ci+i + £2)) 

(1 - U-^{Ci+l - £l))(l - U-^(Cj+l - £2)) ' 
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Then, by an argument similar to the one given in p. 278 Relation (1.2)], a proof of the 
relation (|5.17ll is reduced to the identity 


{X - l){u - Ci+if + (ei + S2){X + l){u- Ci+i) + eie2{X - 1) = 0. 

This identity can be checked in a straightforward way. 

For (I5.18p . we take v^, such that + a* + aj+i. We have the corresponding 

vector bundles V/, Vf, and Set 

= {h+t2)RomiVl,/Vl„V!/Vl), 

= (ti +t2)Hom(Vf/V/,Vti/V^i). 

By an argument similar to the one given in m p. 279 Relation (1.4) with k ^ 1], we have 


Put 

Q = ci(V3/V/), Q+i = ci(Vti/V^i). 

Then we obtain the identity 

(ci - Cj+i + ei){ci - Cj+i + e2)xf^^xf_^^^^ = (cj+i -Ci + ei)(ci+i - c* + e2)xf_^^^^xf^^. 

This is exactly the relation ()5.18p . □ 
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